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Abstract 

A theoret ical  study is carried out t o  examine the influence of plate  

thickness on the stress s t a t e  ahead of a through crack i n  a bent plate  of 

i n f i n i t e  extent, The approach used rests on a theory i n  which no r e s t r i c t ions  

are placed on the mode of the stress dis t r ibut ion across the thickness of 

the plate. A knowledge of the loca l  stresses o r  moments of the ensuing stress- 

o r  moment-intensity factor  is held important i n  connection with modern views 

on the theory of crack propagation. The r e su l t s  show that the bending stresses 

loca l  t o  the crack t i p  are dras t ica l ly  changed when the plate  thickness 

increases from zero to  some f i n i t e ,  but small, value. This is evidenced by 

the high elevation of the loca l  moments as the r a t i o  of plate  thickness t o  

crack length is perturbed s l igh t ly  from zero, 
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1. 

Introduction 

Intensification of stresses around through cracks in plates under 

various loading conditions has been the subject of many past discussions [I]. 

Problems of this kind zire of interest in connection with the theory of crack 

propagation and are relevant to questions which have been raised concerning 

the effect of stress variation across the plate thickness on the mechanics 

of fracture initiation. A characteristic feature of such problems is that 

they involve highly localized effects in the form of steep stress gradients 

in the immediate vicinity of the crack front. This type of problems, however, 

is one of the least understood analytically, mainly because the problem is 

three-dimensional in character and presents severe mathematical difficulties 

which are substantially greater than those encountered in the problems of 

generalized plane stress. One of the reasons is that the crack geometry is 

no longer planar but three-dimensional in nature. There is the question 

regarding the uniqueness of solution involving geometric discontinuities, 

since the stress singularity on the surface layers, where the crack penetrates 

through the plate, remains to be found. In view of the uncertainties associated 

with the thickness problem, previous stress analyses on cracked plates are 

either incomplete E21 or approximation of the actual three-dimensional stress 

state. 

. 

It is the objective of this paper to further improve on the existing 

solutions C3,43 pertaining to cracked plates deflected out of its own plane, 

while the case of plates stretched in its own plane may be analyzed in the 

same way. The results in C3,43 were based on the standard theories C5,63 in 

which the bending stresses are assumed to vary linearly over the plate 

thickness, and the transverse shear stresses obey the parabolic law of 
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distribution, regardless of the value of the plate  thickness t o  crack length 

ra t io ,  h/2a. In w h a t  follows, a more general assumption w i l l  be adopted 

such that the thickness dis t r ibut ion of the bending and transverse shear 

s t resses  can be a rb i t ra ry  and can depend on the thickness h as well as on 

the crack length 2a. 

With a view toward reducing the problem to  manageable proportions 

and yet retaining some of the three-dimensional character of the s t a t e  of 

a f f a i r s  near the crack edge, it is proposed that the s t resses  may be 

written as 

where Ox, 0 and ‘t a re  the bending s t resses ,  7 and ‘t the transverse 

shear s t resses ,  and CT the transverse normal stress.  In  equations (11, x,y 

are coordinates i n  the middle plane of the plate,  and z is the thickness 

Y XY xz YZ 

z 

coordinate. The functions f . ( z )  ( j=l,2,3),  which govern the s t r e s s  distri- 

bution i n  the thickness direction, depend on h/2a and may be pre-assigned 

a r b i t r a r i l y  or according to  the experimental measurements. 

3 

A system of partial d i f fe ren t ia l  equations is solved for  the 

problem of a through crack i n  an in f in i t e  plate,  which i s  otherwise i n  

a s t a t e  of uniform bending. The problem is reduced to  a pair  of  dual 

in tegra l  equations. Determined i n  closed elementary fora a r e  the singular 



character of the bending stresses and the moment-intensity factor which has 

been known i n  fracture  mechanics to  control the onset of crack extension i n  

b r i t t l e  materials. 

Fundamental equations for  the crack problem --- 
Consider the e l a s t i c  equilibrium of an i n f i n i t e  plate  of thickness h 

containing a crack of length 2a along the y-axis as i n  Fig, 1. The material 

of the plate  is isotropic and homogeneous with Young's modulus E and Poisson's 

r a t i o  3 . For pla te  bending problems, it is convenient t o  introduce the defini- 

t ion of bending and twisting moments denoted by &Ix, M 

shear forces by V V i.e., 

and H and transverse 
Y XY ' 

x' y' 

i n  which the functions f .(z) 
J 

With the a i d  of eqs. (2) and 

T =  xz 

(j=1,2) a re  assumed t o  be normalized so that 

(3) '  the s t resses  i n  eqs. (1) become 

where the expression for  Cz remains unchanged. In  the present analysis, the 
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surfaces of the plate  located at  z = * h/2 are free from n o m 1  and shear 

stresses and hence i t  is necessary to require 

= u z 3 : o  for  z = 2 h/2 (5) Txz = 't YZ 

Now, multiplying the s t r eas  equations of equilibrium in the x- and y-directions 

by z dz, the equilibrium equation i n  the 1;-direction by dz, and integrat ing 

through the p la te  thickness from -h/2 to h/2 lead to the three standard equa- 

t ions  C61 of equilibrium i n  terms of Mx, M H Vx and V provided that 
Y' w' Y 

Using the definit ion of the  weighted averages of' the displacements ux, u 

and uz across the p la te  thickness 
Y 

it can be deduced direct ly  f r o m  the three-dimensional equations of e l a s t i c i ty  

or shown f r o m  the work i n  c73 that 

a% 2 a% z '2 a2q ( - z "+$-++2- -  
E Mx 3: * I~ axay 

( ~ - S ) I ~  ax BY 

- aQ v x - G  ' dcp v = I : - -  ax Y 

'phs parameters I ( j 4 . 2 )  stand fo r  3 
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The functions Uz and cp are required to sa t i s fy  the two t h i r d  order d i f f e ren t i a l  

equations 

2 where v is the Laplaeian operator i n  two dimensions. 

the genralized displacements Ux and U are obtainable 
Y 

(9) 
= o  

t o  

Once Uz and tp are known, 

from 

Referring to  Fig. 1, equal and opposite surface moments m(y) are 

applied to the crack rhicli is opened out syarmetrically with respect t o  both 

the x- and y-axes. Because of e v e t r y ,  the quant i t ies  Vx and H 

vanish alcng the en t i re  y-axis, Le., 

must 
XY 

The rem&ting conditions inside and outside the segment y = -a and y = a 

are 

Ux(o,g) = o y > a 9 Mx(o,g) = - d y )  , y < P (12) 

I n  order to s a t i s f y  eqs. (ll) automatically, the solution t o  eqs. (9) is 

taken as 
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where p =  (I /I )1’2. Substi tuting eqs. (13) in to  the f i r s t  of eqs. (7) and 

(lo), and applying the conditions i n  eqs. (12) r e su l t  i n  the dual in tegra l  

1 2  

equations 

solving for  the only unknown function A(a), Note that eqs. (14) can be solved 

for arb i t ra ry  dis t r ibut ion of stresses along the z-direction. This w i l l  be 

discussed i n  the next section, 

S t ress  dis t r ibut ion across the p l a t e  thickness -- 
Ekperiment work on the stretching of cracked plates  has demonstrated 

that the thickness of the p la te  can exert a significant effect  on the fracture 

s t r e s s  and that the s t resses  can vary appreciably along the crack edge 

depending upon the crack s i ze  and the plate  thickness, Herein, a theoretical  

treatment of the thickness e f fec t  due t o  bending w i l l  be carried out by the 

semi-inverse method described ear l ier .  The z-dependence of the s t resses  w i l l  

be assumed by specifying the functions f .(z) (j=1,2) , For bending loads, the 

variation of the transverse shear s t resses  T and r is distributed symme- 

t r i c a l l y  about the midplane of t h e  plate. In  other words, f2(z) must be an 

even function of z. A sui table  form of f2(z) is 

3 

XZ YZ 



2Tmz m 
bob f2(z) = bo - C ( 0 1 ) ~  b COS(T] n t l  n (15) 

where 

2an 2 -1 bn = E1 + (T) 1 , n = 1,2,e.*9m 

The constant bo is fixed such that the f i r s t  two boundary conditions i n  eqs. 

(5) are sat isf ied.  This gives 

m 

The last condition i n  eqs. (5) is satisfied by assuming that the magnitude 

of the transverse normal stress is everywhere small. A plot  of the e-variation 

of T~~ and 'c 

different  values of h/2a is given i n  Fig, 2. Presumably the transverse shear 

s t ressea achieve greater magnitudes as the p la te  thickness is increased. The 

magnitude at the midplane assumes a maximum and then decreases to zero a t  the 

plate  surface as required by the boundary condition, Inserting eq. (15) in to  

with the normalized distance in the thickness direction for  P 

( 6  1 e the z-dependence 

which is odd i n  e. It 

of the in-plane stresses is determined: 

2mz m 
fl(e) = - 2 C (-1In n bn sin(--?;-) h n=l  (16) 

can be easi ly  verified that both eqs. (15) and (16) 

sa t i s fy  the normalization conditions specified i n  eqs. (3) . 
For the purpose of ass i s t ing  the numerical calculation later on, the 

constant 8 w i l l  be evaluated through t h e  parameters I1 and 12. l i t h  the 

help of eqs. (14) and (161, eqs. (8) can be integrated to render 
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and 

It follows that 8 can be determined from 

As it  is apparent from Fig. 3, the numerical values of p h  a re  determined 

for  a wide range of the p la te  thickness to  crack length ra t io ,  h/2a. 

Moment and shear forces near the crack ------ 
Characterist ics of the e l a s t i c  s t resses  loca l  to  the crack are germane 

t o  study of b r i t t l e  f racture  since these a r e  the s t resses  which provide the 

environment for  possible crack propagation. Theoretical foundation of the 

fracture  mechanics w i l l  not be given here as these principles E13 a r e  well 

horn by a l l  workers i n  the f ie ld ,  

From the system of dual integral  equations stated i n  eqs. (141, the 

singular behavior of the s t resses  or moments may be obtained. A detailed 

discussion on the method of solving eqs. (14) can be found i n  C41. Here, 

only the final r e s u l t  w i l l  be given fo r  the special  case of a crack subjected 

to  uniform bending moments, m(y) = mo = constant, applied to  the crack 

surfaces, The solution to the problem of a f r eesu r face  crack opened out 

by constant moments at  i n f i n i t y  can be easi ly  deduced by means of super- 

position. For the present problem, it can be verified that C43 
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indeed satisfies eqs. (14). In  eq. (181, J1 is the first order Bessel function 

of the first kind. The function V, which takes the def in i te  l imi t  Y(1) at the 

crack t i p ,  depends on the r a t i o  h/2a and the Poif5son's r a t i o  3 , and it is to 

be determined numerically from the integral equation 

The kernel function i n  eq. (19) takes the form 

where J is the zero order Bessel function of the first kind. The numerical 

values of I w i l l  be reported subsequently. 
0 

It is now more pertinent t o  find the singular character of the  solution 

near the endpoints of the crack. The dominating term whose contribution8 to 

the moments Mx, M and H Y X y  

with the leading term i n  eq. (18). Upon introduction of the polar coordinates 

( r ,e) ,  (rl,el) and (r2,e2) a8 indicated i n  Fig. 1 and making use of eqs. (71, 

(13) and (181, it is found a f t e r  considerable amount of manipulations that 

become unbounded at the crack t i p s  can be ident i f ied 
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Those terms which arc  bounded at  the singular crack points have been neglected. 

Since the transverse shear forces are f i n i t e  as rlr2 -+ 0, the fracture  behavior 

of cracked plates  i n  bending is mainly controlled by the moment quantities 

shown i n  eq. (20). A t  t h i s  point it is appropriate to define a moment-intensity 

factor  K by taking the sum of Mx and M as r2 o r  r1 approaches zero, i.e., 
Y 

as rl - 0 *2 
c o v  1 

K M x + M  = -  
6 1  

or 

where K is given by 

, as r2 .-, 0 K x41 
cos 2 = -  

In each case, the mments are shown t o  be inversely proportional t o  the square 

root  of the radial distances measured from the crack t ips .  Hence, K may be 

interpretated as the atrength of the motaents i n  the c i rcu lar  regions with 

radii r1 and r2 centered at y = -a and y = a, respectively, and i t  is 

indicative of the condition under which fracture  may be triggered i n  s t r u c t e e s  

under bending loads, Further, i t  serves as an useful parameter for col la t ing 

fracture  data in s t a t i c  and fatigue testa. 

The numerical evaluation of the function I(1) i n  eq. (21) w a s  done on 

an electronic computer for various values of h/2a, 2/8h and for  the values 

of Pois~~n’s r a t i o  9 = 0.0, 0.3, 0.5. The dimensionless parameter 2/8h is 

fixed f o r  a given value of the thickness-to-crack length r a t i o  i n  accordance 

with eq. (17). Fig. 4 displays the dependence of the normalized moment-intensity 

factor upon h/2a. I n i t i a l l y ,  the curves rise abruptly as the r a t i o  h/2a depar t s  

from zero and then they climb gradually with increasing values of h/2a. It is 



a lso  evident from Fig, 4 that the influence of the increase of Poiseon's 

r a t i o  is t o  raise the amplitudes of the moment-intensity factor curves. 

The percentage of increase of K/mofi, however, is lowered for increasing 

values of 9 . Specifically, i f  the crack length to  p la te  thickness r a t i o  

is 5 to 1, the amount of increase f o r  K/mofi is 94,5qb f o r  d = O,O, 77.07 

for  d = 0.3 and 68.3% fo r  4 = 0.5. These resu l t s  and the factors  brought 

out i n  t h i s  analysia should be of significance t o  those observing the 

thickness behavior of cracked plates  experimentally, 

0 

Discussions 

The advantage which the system of equations i n  this paper possesses 

as compared with the exact equations of three-dimensional e l a s t i c i ty  is 

that the number of independent variables is reduced from three to  two. In 

particular,  eqs. ( 9 )  permit an expl ic i t  solution of the mixed boundary-value 

problem of a f i n i t e  thickness plate  containing a crack since the theory makes 

provision for  the specification of the displacements as w e l l  as the stresses. 

While the plate  bending analysis of the crack problem involving a 

more general assumed variation of the stresses through the plate  thickness 

has revealed some interest ing and important features, there is considerable 

work yet t o  be accomplished. Leaving aside the question of the character of 

the stress singular i ty  a t  the intersection of the crack edge with the free 

plate  surface, one immediate improvement on the p la te  bending problem might 

be mentioned. 

It has been reported by Sih e t  a1 c23 that the two-dimensional 

condition of plane s t ra in ,  characterized by the relat ion Uz =$(Ox + Cy), 

prevails i n  the proximity of a through crack i n  a plate  with f i n i t e  thickness. 

This condition w a s  derived i n  c23 using the exact three-dimensional equations 



of e l a s t i c i ty  and w a s  shown t o  be valid only i n  the in t e r io r  region of the 

plate. As remarked previously, the crack front stress state on the surface 

of the p la te  is still not known. 

Preliminary work on incorporating the plane s t r a i n  condition in to  

a pla te  bending (or stretching) theory by application of the variational 

principles has been made. On the  baais of t h e  equilibrium state of stress 

i n  eqs. (11, a best approximation is obtained by determining 6 x, sy, etc. such 

that the a t ra in  energy of the body becomes as small as is possible. Briefly, 

the variational procedure leads to  a system of three simultaneous partial 

d i f fe ren t ia l  equations 

4 4 4  2 2  (c, i. c2) v uz - 2ClV uz + uz r: 0 

solving for  Uz, txz and t 

In eqs. (221, 9 is related t o  Uz by 

from which the remaining unknowns can be found. 
YZ 

and co, c 1' 

as given by 

c2 are constants depending upon the plate  material and geometry 

I 2  2 
c2 = (2) -c- - (-1 3 

I1 

I 4 h 4 1  3 2 h2'2 c1 = (2) - , 5 l-d2 5 3 9  
Eh3 c = -  - 3 c  

O 211 12(1-d2) 

The additional parameter introduced i n  the new theory is 



whereas I and I 

is conetructed i n  such a way that the condition aZ; = $('ax + U 
Y 

are the same as those shown i n  eqs. (8). The function f (2) 

is fu l f i l l ed .  
1 2 3 

Calculations leading to  more refined estimates of the stress-field 

parameters which are important t o  the understanding of br i t t le-fracture  

mechanics of cracked plates  i n  bending and stretching are currently underway. 
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